GROUP ALGEBRAS ACTING ON L p -SPACES EUSEBIO GARDELLA AND HANNES THIEL
Abstract. For p ∈ [1, ∞) we consider representations of a locally compact group G on L p -spaces. The universal completion, F p (G), of L 1 (G) with respect to such representations can be regarded as an analog of the full group C * -algebra of G. We study this Banach algebra in relation to the algebra F p λ (G) of p-pseudofunctions. One of our main results is a characterization of group amenability in terms of certain canonical maps between the Banach algebras we consider. In particular, G is amenable if and only if F p (G) = F p λ (G) for some (or every) p ∈ (1, ∞), while F 1 (G) = F 1 λ (G) for any locally compact group G.
For 1 ≤ p < q ≤ 2, there is a canonical map γp,q : F p (G) → F q (G) which is contractive and has dense range. When G is amenable, γp,q is injective, and it is never surjective unless G is finite. We use the maps γp,q to show that when G is discrete, F p (G) is amenable as a Banach algebra if and only if G is amenable.
Finally, we present a family of examples showing that the characterizations of group amenability mentioned above, cannot be extended to L p -operator crossed products of topological spaces.
Introduction
In this paper, we study representations of a locally compact group G on certain classes of Banach spaces, as well as the corresponding completions of the group algebra L 1 (G We also study the algebra F p λ (G) of p-pseudofunctions on G. This is the Banach subalgebra of B(L p (G)) generated by all the operators of left convolution by functions in L 1 (G). Equivalently, F p λ (G) is the closure of the image of the left regular representation λ p : L 1 (G) → B(L p (G)). This algebra was introduced by Herz in [12] , where F p λ (G) was denoted P F p (G) (as well as in [18] , and other references in the literature).
The fact that L 1 (G) has a contractive approximate identity implies that there exist canonical isometric isomorphisms
QS (G); see Proposition 2.12 and Remark 2.13. However, for p = 1, the existence of a canonical (not necessarily isometric) isomorphism between any of F p (G), F A consequence of the existence of such isomorphisms is that, for 1 ≤ p ≤ q ≤ 2 and for 2 ≤ r ≤ s < ∞, there are canonical, contractive homomorphisms γ p,q : F p (G) → F q (G) and γ s,r :
with dense range; see Theorem 2. 22 . In particular, this shows that the algebras F p (G) form an 'interpolating family' of Banach algebras between the group algebra L 1 (G) and the full group C * -algebra C * (G). When G is amenable, our results recover, using different methods, a result announced by Herz as Theorem C in [13] . Furthermore, in this case, we show that for 1 ≤ p < q ≤ 2 or 2 ≤ q < p < ∞, the map γ p,q : F p (G) → F q (G) is injective, and that it is never surjective unless G is finite; see Corollary 3.20.
Another application of Theorem 2.22 is as follows: when G is discrete, amenability of any of the Banach algebras
, is equivalent to amenability of G; see Theorem 3.11. The cases p = 1 and p = 2 of this theorem are well-known, the first one being due to B. Johnson [15] , and holding even if G is not discrete.
A partial summary of our results on characterization of group amenability is as follows. (Some of these implications have been announced by Phillips, and his proofs use different methods.)
Theorem. Let G be a discrete group, and let p ∈ (1, ∞). Then the following are equivalent:
(1) The group G is amenable. (2) The canonical map from any of
Finally, we show in Theorem 4.3 that the theorem above, particularly the implications (3) ⇒ (1) and (4) ⇒ (1), cannot be generalized to L p -crossed products by discrete groups of algebras of the form C 0 (X), for locally compact Hausdorff spaces X.
Further connections between G and F p λ (G) will be explored in [10] ; functoriality properties of F p λ (G) (as well as the universal completions of L 1 (G) discussed above) are studied in [9] ; and some applications of the results in this paper are given in [8] .
Throughout, we will assume that all measure spaces are σ-finite, and that all Banach spaces are separable. Consistently, all locally compact groups will be assumed to be second countable, and will be endowed with their left Haar measure (which is then σ-finite).
We take N = {1, 2, . . .}. For n in N and p ∈ [1, ∞], we write ℓ p n in place of ℓ p ({1, . . . , n}), and we write ℓ p in place of ℓ p (Z). Let E be a Banach space. We write E 1 for the unit ball of E and E ′ for its dual space. If F is another Banach space, we denote by B(E, F ) the Banach space of all bounded linear operators E → F , and write B(E) in place of B(E, E). We denote by Isom(E) the subset of B(E) consisting of invertible isometries. (In this paper, invertible isometries will always be assumed to be surjective.) The group Isom(E) will be endowed with the strong operator topology. It is a standard fact that Isom(E) is a Polish group whenever E is a separable Banach space. Moreover, it is easy to check that if X is a topological (measurable) space, a function u : X → Isom(E) is continuous (measurable) if and only if for every ξ ∈ E, the map X → E given by x → u(x)ξ for x ∈ X, is continuous (measurable).
For a bounded linear map ϕ : E → F , we will write ϕ ′ : F ′ → E ′ for its dual map. For p ∈ (1, ∞), we denote by p ′ its conjugate (Hölder) exponent, which satisfies
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2. Universal completions of L 1 (G) 2.1. Construction of the objects. Let G be a locally compact group. We let L 1 (G) denote the Banach algebra of complex-valued functions on G that are integrable (with respect to the left Haar measure), with product given by convolution. Definition 2.1. Let E be a class of separable Banach spaces. We denote by Rep E (G) the class of all contractive nondegenerate representations of
(Note that the supremum exists, even if E is not a set.) Then · E defines a seminorm on L 1 (G). Set
which is an ideal in L 1 (G). We write F E (G) for the completion of L 1 (G)/I E in the induced norm.
Given a class E of Banach spaces, we say that a Banach algebra A is an E-operator algebra, if there exist a Banach space E in E and an isometric representation π : A → B(E). Proof. Let (f n ) n∈N be an enumeration of a dense subset of the unit ball of L 1 (G). For each n and m in N, choose a Banach space E n in E and a contractive, nondegenerate representation π n,m :
shows that the direct sum representation
Remark 2.3. Let G be a locally compact group, and let E be a class of separable Banach spaces. Then the canonical map L 1 (G) → F E (G) is contractive and has dense range. Moreover, it is injective if and only if the elements of Rep E (G) separate the points of L 1 (G), meaning that for every f ∈ L 1 (G) with f = 0, there exists π ∈ Rep E (G) such that π(f ) = 0. Definition 2.4. If E is a Banach space, an isometric representation of G on E is a (strongly) continuous group homomorphism of G into the group Isom(E) of invertible isometries of E.
The following result is folklore. 
for all f ∈ L 1 (G) and all ξ ∈ E, and it is called the integrated form of ρ. 
Proof. Part (1) is well-known: see Proposition 11.1.9 in [1] . Part (2) can be deduced from part (1) using duality.
Since we will mostly be interested in the completions of L 1 (G) with respect to the classes defined in Definition 2.7, we will use special notation for these. Definition 2.10. For a locally compact group G, we make the following abbreviations:
It is well known that every locally compact group G admits a faithful isometric representation on an L p -space (namely, the left regular representation). It follows that the natural map from 
Remark 2.11. Group representations on QSL p -spaces have been studied by Runde in [27] . For a locally compact group G, he defined the algebra UPF p (G) of universal p-pseudofunctions as follows. With π : L 1 (G) → B(E) denoting a contractive, nondegenerate representation on a QSL p -space E with the property that any other contractive, nondegenerate representation of
The algebra F 2 (G) is in fact a C * -algebra, called the full group C * -algebra of G. Besides the case p = 2, these objects coincide also when p = 1, as we show below.
In particular, there are canonical, isometric isomorphisms
Proof. We begin by showing the last claim. Denote by λ 1 :
For the reverse inequality, let (e n ) n∈N be a contractive approximate identity for L 1 (G). Then
It follows that the norms · 1 and · L 1 agree, and thus
is therefore isometric, and the result follows.
We will later show that for most values of p ∈ [1, ∞), the algebras The following observation will allow us to define natural maps between the different universal completions.
Remark 2.14. Let E 1 and E 2 be classes of Banach spaces, and suppose that
, and hence the identity map on
It follows from the remark above that the inclusions L p ⊆ SL p ⊆ QSL p and L p ⊆ QL p ⊆ QSL p induce canonical contractive homomorphisms between the corresponding universal completions. We summarize the induced maps in the following commutative diagram
Finally, when the Hölder exponent p is clear from the context, we will drop it from the notation in the natural maps.
If p ≤ q ≤ 2, Proposition 2.9 shows that there is a canonical contractive homomorphism
with dense range. Likewise, for 2 ≤ r ≤ s, there is a canonical contractive homomorphism
with dense range.
Duality. Recall that if
A is a complex algebra, its opposite algebra, denoted by A op , is the complex algebra whose underlying vector space structure is the same as for A, and the product of a and b in A op is equal to ba. When A is moreover a Banach ( * -)algebra, we take A op to carry the same norm (and involution) as A. An anti-homomorphism ϕ : A → B between algebras A and B is a linear map satisfying ϕ(ab) = ϕ(b)ϕ(a) for all a and b in A. Equivalently, ϕ is a homomorphism A → B op . Similar terminology and definitions apply to other objects such as topological groups.
if E is a class of Banach spaces, then there is a canonical isometric isomorphism
Proof. We fix a left Haar measure µ on G, and we denote by ν the right Haar measure on G given by ν(E) = µ(E −1 ) for every Borel set E ⊆ G. Then ν is a left Haar measure for G op . It is immediate that inversion on G, when regarded as a map (G, µ) → (G op , ν), is a measure-preserving group isomorphism. We denote by * the operation of convolution on L 1 (G), and by * op the operation of convolution on L 1 (G op ) (which is performed with respect to ν). Similarly, we denote by · the product in G, and by · op the product in G op . Given f and g in L 1 (G op ), and given s ∈ G op , we have
It follows that the identity map on
, and the result follows. The last claim is straightforward.
Remark 2.16. We mention, without proof, two easy facts that will be used in the proof of Proposition 2.17. First, if E is a class of Banach spaces, and G and H are locally compact groups, then any isomorphism G → H induces an isometric isomorphism F E (H) → F E (G) (the argument is similar to, and simpler than, the one used in the proof of Proposition 2.4 in [9] ). Second, with the same notation, inversion on G defines an isomorphism G → G op , so there are canonical isomorphisms
where the second isomorphism is the one given by Lemma 2.15.
Proposition 2.17. Let G be a locally compact group, let p ∈ (1, ∞), and let p ′ be its conjugate exponent. Then there are canonical isometric isomorphisms
and
Proof. Let E be any class of Banach spaces, and denote by E ′ the class of those Banach spaces that are dual to a Banach space in E.
Since taking adjoints reverses multiplication of operators, it follows that the identity map on
op described in Remark 2.16, we obtain a canonical isometric isomorphism
To finish the proof, it is enough to observe that for p ∈ (1, ∞), there are natural identifications
In this subsection, we will construct, for any locally compact group G, a natural map
The construction of these maps takes considerable work, since L q -spaces are never L p -spaces, except in trivial cases. However, it is often the case that an L qspace is a subspace of an L p -space (see Proposition 2.9). To take advantage of this fact, we need to study extensions of isometries from subspaces of L p -spaces to L p -spaces; see Theorem 2.20. Our argument is based on ideas used by Hardin in [11] .
The following definition is due to Hardin; see [11] .
Definition 2.18. Let (X, A, µ) be a σ-finite measure space, let p ∈ [1, ∞) and let f 0 ∈ L p (X, µ). Define the support of f 0 to be
Note that supp(f 0 ) is well-defined up to null sets. If F is a closed subspace of L p (X, µ), we say that f 0 has full support in F if
The following terminology and notations will be convenient. If F is a closed subspace of another Banach space F , we let Isom( F , F ) denote the subgroup of Isom( F ) consisting of those isometries that leave F invariant.
The next result asserts that for every SL p -space F , there exists an L p -space F containing F , such that every invertible isometry on F can be extended to an invertible isometry on F . Note that this is really stronger than showing that every isometry on an SL p -space can be extended to some L p -space. 
is a surjective homeomorphism. In particular, the isometry group of F is isomorphic to a closed subgroup of the isometry group of some L p -space.
Proof. The statement is trivial when p = 2, since a closed subspace of a Hilbert space is a Hilbert space itself. We may therefore assume that p ∈ [1, ∞)\{2, 4, 6, . . .}. The proof in this cas is based on the proof of Theorem 4.2 in [11] , and we use the same notation when possible. Since σ-algebras will play an important role, they will not be omitted from the notation.
Let (X, A, µ) be a σ-finite measure space such that F can be identified with a closed subspace of L p (X, A, µ). We let Full(F ) denote the set of elements in F that have full support in F . It follows from Lemma 3.2 in [11] that Full(F ) is nonempty. Without loss of generality, we may assume that supp(f 0 ) = X for every f 0 ∈ Full(F ).
Let f 0 ∈ Full(F ). Set
: f ∈ F , and let σ(Q(f 0 )) denote the smallest σ-algebra on X such that every function in Q(f 0 ) is measurable with respect to σ(Q(f 0 )). Hardin showed in the proof of Lemma 3.4 in [11] that σ(Q(f 0 )) does not depend on the choice of f 0 in Full(F ). We will therefore write B for σ(Q(f 0 )), which equals σ(Q(g 0 )) for any other g 0 ∈ Full(F ). Since every element of Q(f 0 ) is A-measurable, we clearly have B ⊆ A.
It is not in general the case that the elements of
, and that the map
given by D f0 (f ) = f f0 for f ∈ F , is an isometry. Set
By the proof of Theorem 4.2 in [11] , the space F does not depend on the choice of the element f 0 of full support. Moreover, F is a subspace of F and D f0 extends to an isometric isomorphism F → L p (X, B, |f 0 | p µ), which we also denote by D f0 . Let u ∈ Isom(F ). We claim that u can be canonically extended to a surjective, linear isometry u on F .
Set g 0 = u(f 0 ), which belongs to Full(F ) by Lemma 3.4 in [11] . Then u induces a linear isometry v from the subspace
The maps to be constructed are shown in the following commutative diagram:
( ( P P P P P P P P P P P P P P P P P / / Q(g 0 ) u ( ( P P P P P P P P P P P P P
The constant function 1 = f0 f0 belongs to Q(f 0 ), and also to Q(g 0 ). It is easy to see that v satisfies v(1) = 1. Apply Theorem 2.2 in [11] to extend v uniquely to a surjective, linear isometry v on F . The desired isometry u is then given by
The claim is proved.
The assignment u → u defines an inverse to the restriction map ϕ, so ϕ is surjective. It is clear that ϕ is a group homomorphism, and it is easy to see that ϕ is continuous. It remains to show that ϕ −1 is continuous. We first describe the elements in F . Let n ∈ N and let ξ : C n → C be a measurable map. If f 1 , . . . , f n are elements of F , then the function
is B-measurable. Therefore, f 0 h is an element of F whenever
It is not hard to check that elements of this form are dense in F . Finally, if u ∈ Isom(F ), then its unique extension u to F satisfies
It follows that the assignment u → u(f 0 h), as a map Isom(F ) → F , is measurable, and hence ϕ −1 is measurable. Note that Isom(F ) and Isom( F ) are Polish groups, since F and F are separable Banach spaces. It follows that Isom( F , F ) is a Polish group, being a closed subgroup of Isom( F ). Since ϕ −1 is a measurable group homomorphism between Polish groups, it follows that ϕ −1 is continuous (see, for example, Theorem 9.10 in [16] ). The proof is finished.
The above extension theorem can be used to show that, for some values of p ∈ [1, ∞), the canonical maps between certain universal completions are always isometric. 
is an isometric isomorphism.
Proof. Both claims are trivial for p = 2. For p = 1, they follow from Proposition 2.12.
Let us now prove the statements in the remaining cases.
(1). Since κ S is contractive, it is enough to show that f SL p ≤ f L p for every f ∈ L 1 (G). Let F be an SL p -space and let ρ : G → Isom(F ) be an isometric representation. By Theorem 2.20, there exists an L p -space F containing F as a closed subspace, such that there is a homeomorphic group isomorphism
Let ι denote the inclusion Isom( F , F ) ֒→ Isom( F ). Consider the composition
Then ρ is an isometric representation of G on the L p -space F . Denote by π : L 1 (G) → B(F ) the integrated form of ρ, and denote by π :
Fix f ∈ L 1 (G). It is easy to see, using that ρ(s) leaves F invariant for every s ∈ G, that π(f ) leaves F invariant as well. Using this at the second step, we get
Therefore,
Since this holds for every isometric representation ρ of G on an SL p -space, it follows from Proposition 2.5 that
. The statement follows from part (1), using duality. We omit the details.
It is known that the conclusion of Theorem 2.20 fails for p ∈ {4, 6, 8, . . .}. Indeed, in [17] , Lusky shows that the Hardin's extension theorem (Theorem 4.2 in [11] ) fails for all even integers greater than 2, providing concrete counterexamples that are based on computations of Rudin in Example 3.6 of [25] . On the other hand, we do not know whether the restrictions on the Hölder exponent are necessary in Theorem 2.21.
The following is the main result of this subsection. Theorem 2.22. Let G be a locally compact group.
with dense range. (2) If 2 ≤ r ≤ s, then the identity map on L 1 (G) extends to a contractive homomorphism
Moreover, the following diagram is commutative:
Proof. We only prove the first part, since the second one follows from the first using duality. Let f ∈ L 1 (G). We use Proposition 2.9 at the first step and Theorem 2.21 at the second to get
We conclude that the identity map on L 1 (G) extends to a contractive homomorphism γ p,q : F p (G) → F q (G) with dense range. Commutativity of the diagram depicted in the statement follows from the fact that all the maps involved are the identity on the respective copies of L 1 (G).
Algebras of p-pseudofunctions and amenability
In this section, we recall the construction of the algebra F p λ (G) of p-pseudofunctions on a locally compact group G, for p ∈ [1, ∞), as introduced by Herz in [12] . (Our notation differs from the one used by Herz.) There are natural contractive homomorphisms with dense range from any of the universal completions studied in the previous section, to the algebra of p-pseudofunctions. In Theorem 3.7, we characterize amenability of a locally compact group G in terms of these maps. As an application, we show in Corollary 3.20 that for an amenable group G, and for 1 ≤ p ≤ q ≤ 2 or for 2 ≤ q ≤ p < ∞, the canonical map γ p,q : F p (G) → F q (G) constructed in Theorem 2.22 is surjective if and only if G is finite, and that it is injective whenever G is either discrete or abelian.
3.1. Algebras of p-pseudofunctions. We denote by p a fixed Hölder exponent in [1, ∞). 
For a locally compact group
Remark 3.2. Let G be a locally compact group. The left regular representation
In the literature, the elements of F p λ (G) have been called p-pseudofunctions, and the Banach algebra F p λ (G) is usually denoted by PF p (G). This terminology goes back to Herz; see Section 8 in [12] . (We are thankful to Y. Choi and M. Daws for providing this reference.) Our notation follows one of the standard conventions in C * -algebra theory ( [3] ). We also warn the reader that F p λ (G) has also been called the reduced group L p -operator algebra of G, and is sometimes denoted F p r (G), for example in [20] .
It is immediate to check that when p = 2, the algebra F 2 λ (G) agrees with the reduced group C * -algebra of G, which is usually denoted C * λ (G). The proof of the following proposition is straightforward and is left to the reader.
We now turn to duality. Let G be a locally compact group, and denote by ∆ :
Remark 3.4. For f and g in L 1 (G), it is straightforward to check that
In other words, the map f → f ♯ defines an isometric anti-automorphism of L 1 (G). It is also immediate to check that if G is unimodular,
Let p ∈ (1, ∞), and denote by p ′ its conjugate exponent. Consider the bilinear paring
It is a standard fact that
Proposition 3.5. Let G be a locally compact group, let p ∈ (1, ∞), and let p
′ be its conjugate exponent. Then there is a canonical isometric anti-isomorphism
so the claim follows. It follows that λ p (f ♯ ) = λ p ′ (f ) , and hence the map ♯ :
With the notation of the proposition above, we point out that when p = 2, we do not seem to get the existence of a canonical isometric isomorphism
are not in general equal, unless G is abelian (see Proposition 3.22). In fact, Herz proved in Corollary 1 of [14] , that for every finite non-abelian group G, and for every p ∈ (1, ∞) \ {2}, there exists f ∈ ℓ
3.2. Group and Banach algebra amenability. We will need some facts from functional analysis. Despite being standard results, we include their proofs here for the convenience of the reader.
Recall that if E is a Banach space and ξ ∈ E, then
Lemma 3.6. Let E and F be two Banach spaces, and let ϕ : E → F be a bounded linear map.
(
1) The map ϕ has dense image if and only if ϕ ′ is injective. (2) The map ϕ is an isometric isomorphism if and only if
Proof. (1) . Suppose that ϕ has dense image, and let f in
By continuity, we must have f (η) = 0 for all η in F , so f = 0 and ϕ ′ is injective. Conversely, assume that ϕ ′ is injective. In order to arrive at a contradiction, assume that there exists η in F not in the closure of ϕ(E). Define a linear functional g : ϕ(E) + Cη → C by g(ϕ(ξ)) = 0 for all ξ in E, and g(η) = η . Then g is continuous and g = 1, so by Hahn-Banach there exists a functional g : F → C extending g with g = 1. Finally, it is clear that ϕ ′ ( g) is the zero functional on E, contradicting injectivity of ϕ ′ . This shows that ϕ(E) is dense in F .
(2). It is clear that ϕ ′ is an isometric isomorphism if ϕ is. Assume now that ϕ ′ is an isometric isomorphism. Then ϕ ′ (f ) = f for every f ∈ F ′ , so ϕ ′ maps the unit ball of F ′ surjectively onto the unit ball of E ′ . Given ξ ∈ E, we have
which shows that ϕ is an isometric embedding of E into F . In particular, the image of ϕ is closed in F . Since the image of ϕ is dense in F by part (1) of this lemma, we conclude that ϕ is an isometric isomorphism.
The next theorem characterizes amenability of a locally compact group in terms of the canonical maps between its enveloping operator algebras. The case p = 2 of the result below is a standard fact in C * -algebra theory; see Theorem 2.6.8 in [3] . The particular case of the implication '(1) ⇒ (2)' with E = L p in Theorem 3.7 was first obtained by Phillips using different methods, and will appear in a second version of [20] .
We denote by κ u :
Let G be a locally compact group, and let p ∈ (1, ∞). The following are equivalent: a (not necessarily isometric) isomorphism. Proof. We begin by introducing the notation that will be used to prove the equivalences.
Let p ′ be the dual exponent of p. Let B p ′ (G) be the p ′ -analog of the FourierStieltjes algebra, as introduced in [27] . By definition, B p ′ (G) is the set of coefficient functions of representations of G on QSL p -spaces. We may think of B p ′ (G) as a subalgebra of the algebra C b (G) of bounded continuous functions on G, except that the norm of B p ′ (G) is not induced by the norm of C b (G).
Under the canonical identification of UPF p (G) and F p QS (G) (see Remark 2.11), Theorem 6.6 in [27] provides a canonical isometric isomorphism
We now turn to the equivalence between the statements.
(1) implies (2) . It is enough to show that the map κ u :
Under the assumption that G is amenable, it follows from Theorems 6.7 in [27] that the dual map κ ′ :
is an isometric isomorphism. Indeed, with the notation used there, and writing ∼ = for isometric isomorphism, we have
It thus follows from Lemma 3.6 that κ u is an isometric isomorphism, as desired. (2) implies (3). Clear. (3) implies (1) . It is enough to show the result assuming that κ : For p = 1, the answer is yes, by Johnson's Theorem ( [15] ). The result is known to be false for p = 2. Indeed, Connes proved in [4] that if G is a connected Lie group, then C * (G) (and hence C * λ (G)) is amenable. However, there are non-amenable connected Lie groups, such as SL 2 (R) (whose group C * -algebra is even type I). We do not know, however, whether F p (SL 2 (R)) is amenable for p = 1, 2.
We close this subsection with the computation of the maximal ideal space of F p (G) when G is an abelian locally compact group. This result, in this form, will be crucial in the proof of Theorem 3.4 in [9] . The result is almost certainly well-known, but we have not been able to find a reference in the literature. 
is injective, contractive and has dense range.
Proof. It is well-known that Max(L 1 (G)) is canonically homeomorphic to G, and that the following diagram is commutative: For the last claim, it only remains to show that Γ p is injective and has dense range. Injectivity follows from Theorem 4 in Section 1.5 of [7] . Density of its range follows from the facts that γ p,2 has dense range by Theorem 2.22, that Γ 2 is an isometric isomorphism, and that the diagram below commutes:
In this subsection, we will use Theorem 3.7 to obtain further information about the map γ p,q constructed in Theorem 2.22, by regarding them as maps between the algebras of p-and qpseudofunctions; see Corollary 3.20.
We begin with a general discussion (see also Section 8 in [12] ).
Definition 3.14. Let E be a reflexive Banach space. It is well-known that the Banach algebra B(E) is the Banach space dual of the projective tensor product E ⊗E ′ . The weak*-topology inherited by B(E) from this identification is usually called the ultraweak topology on B(E).
Given a Banach space E, we write ·, · E,E ′ for the canonical pairing E ×E ′ → C. Given ξ ∈ E and given η ∈ E ′ , we write ξ ⊗ η for the simple tensor product in E ⊗E ′ . Regarding an operator a ∈ B(E) as a functional on E ⊗E ′ , the action of a on ξ ⊗ η is given by
Definition 3.15. Let E be a Banach space. Let (a j ) j∈J be a net of operators in B(E), and let a ∈ B(E) be another operator. We say that (a j ) j∈J converges ultraweakly to a, if for every x ∈ E ⊗E ′ we have
The ultraweak topology on B(E) should not be confused with its weak operator topology. By definition, a net (a j ) j∈J in B(E) converges in the weak operator topology to an operator a ∈ B(E) if for every ξ ∈ E and every η ∈ E ′ , we have
Remark 3.16. Since a pair (ξ, η) ∈ E × E ′ defines an element x = ξ ⊗ η in E ⊗E ′ , it follows from (1) , that the ultraweak topology is stronger than the weak operator topology. On the other hand, it is well-known that the ultraweak topology and the weak operator topology agree on (norm) bounded subsets of B(E).
The following class of Banach algebras will be needed in the proof of Theorem 3.18. Definition 3.17. Let G be a locally compact group and let p ∈ [1, ∞).
(1) The algebra of p-pseudomeasures on G, denoted P M p (G), is the ultraweak closure of
Algebras of pseudomeasures and convolvers on groups have been thoroughly studied since their introduction by Herz in Section 8 in [12] . It is clear that P M p (G) ⊆ CV p (G), and it is conjectured that they are equal for every locally compact group and every Hölder exponent p ∈ [1, ∞). The reader is referred to [6] for a more thorough description of the problem, as well as for the available partial results.
Theorem 3.18. Let G be an amenable locally compact group, and let p, q ∈ [1, ∞) with either p ≤ q ≤ 2 or 2 ≤ q ≤ p. Assume that
is not surjective unless G is finite. We emphasize that the assumptions CV p (G) = P M p (G) and CV q (G) = P M q (G) in part (2) of this theorem, are conjecturally not a restriction; see [6] .
Proof. We show first the existence of γ 
, and hence (λ q (f n )) n∈N is a Cauchy-sequence in B(L q (G)) as well, by the inequality in (2). Set
It is straightforward to check that this definition is independent of the choice of the sequence (f n ) n∈N in L 1 (G). Moreover, it is clear that the resulting homomorphism γ 
Assume that γ λ p,q (a) = 0, so that (λ q (f n )) n∈N converges to the zero operator on L q (G). In order to arrive at a contradiction, suppose that a = 0. Choose ξ ∈ C c (G) such that aξ = 0. Set η = aξ. Since lim n→∞ f n * ξ − η p = 0, upon passing to a subsequence, we may assume that (f n * ξ) n∈N converges pointwise almost everywhere to η.
Since (λ q (f n )) n∈N converges to zero in B(L q (G)), it follows that (λ q (f n )ξ) n∈N converges to zero in L q (G). Again, upon passing to a subsequence, we may assume that f n * ξ converges pointwise almost everywhere to zero. This clearly implies that η = 0 almost everywhere on G, which is a contradiction. This contradiction implies that a = 0, and hence γ G) ), respectively. The existence of such map is well-known to the experts, so we only sketch its construction.
Let a be an operator in P M p (G), and choose a net (f j ) j∈J in C c (G) such that (λ p (f j )) j∈J converges to a in the ultraweak topology. Since the sequence (λ p (f j )) j∈J converges ultraweakly, it follows that it is norm-bounded. Since L p (G) is a separable Banach space, the ultreweak topology is metrizable on bounded subsets of B(L p (G)), and hence there is a sequence (f n ) n∈N in C c (G) such that λ p (f n ) converges ultraweakly to a.
By the inquality in 2, the sequence (λ q (f n )) n∈N is norm-bounded in B(L q (G)). By the Banach-Alaoglu Theorem, the sequence (λ q (f j )) j∈J has an ultraweak limit point, so there is a subsequence (λ q (f n k )) k∈N that converges ultraweakly to an operator b ∈ B(L q (G)). By construction, b belongs to P M q (G). One can show that b does not depend on the choices made, so we set δ p,q (a) = b.
The resulting homomorphism δ p,q : P M p (G) → P M q (G) is easily seen to be contractive and to have dense range.
(2). If G is finite, then γ λ p,q is clearly surjective, since it has dense range and F q λ (G) is finite dimensional. Conversely, assume that G is infinite. We will show that γ λ p,q is not surjective using results from [5] . To reach a contradiction, assume that γ λ p,q is surjective. It follows from the Open Mapping Theorem and part (1) of this theorem, that γ λ p,q is an isomorphism (although not necessarily isometric). This means that there is a constant K > 0 such that
for every f ∈ L 1 (G). We claim that δ p,q is also surjective. Given b ∈ P M q (G), choose a sequence (f n ) n∈N in C c (G) such that the sequence of operators (λ q (f n )) n∈N in B(L q (G)) converges ultraweakly to b. Then the sequence (λ q (f n )) n∈N is norm-bounded in B(L q (G)). It follows that
so (λ p (f n )) n∈N is norm-bounded in B(L p (G)) as well. By the Banach-Alaoglu Theorem, there exists a subsequence (λ p (f n k )) k∈N that converges ultraweakly to an operator a ∈ B(L p (G)). By construction, a belongs to P M p (G). We claim that δ p,q (a) = b. For ξ, η, f ∈ C c (G), we have
We deduce that aξ, η = lim
It follows from the definition that δ p,q (a) = b, as desired. By our assumption P M p (G) = CV p (G) and P M q (G) = CV q (G), we can regard δ p,q as a map between the respective p-and q-convolvers on G. Now, the fact that δ p,q : CV p (G) → CV q (G) is surjective contradicts Theorem 2 in [5] (where CV p (G) and CV q (G) are denoted by L 
holds for all f ∈ L 1 (G). Indeed, as it is shown in [24] and [23] , this is the case for any noncommutative free group, and for any exponents p, q ∈ (1, ∞) with p = q. the third step, we get However, when p = 2, we do not know whether κ has closed range. Here is where incompressibility comes into play.
The full crossed product F p (G, C 0 (G), α) is p-incompressible by Lemma 4.2, because it is the direct limit of the p-incompressible Banach algebras M p S (see Theorem 7.2 in [19] ). Since F p λ (G, C 0 (G), α) can be isometrically represented on an L p -space, it follows that κ must be isometric. Finally, having dense range, κ is an isometric isomorphism. This finishes the proof.
